Abstract. In this paper we give a complete description of the power weighted inequalities, of strong, weak and restricted weak type for the pair of Riesz transforms associated with the Laguerre function system {L α k }, for any given α>−1. We achieve these results by a careful estimate of the kernels: near the diagonal we show that they are local Calderón-Zygmund operators while in the complement they are majorized by Hardy type operators and the maximal heat-diffusion operator. We also show that in all the cases our results are sharp.
Introduction
The purpose of this article is to study boundedness properties in L p ((0, ∞), x δ dx) for the Riesz transforms associated with the orthogonal systems of Laguerre functions L α k , α>−1, started in [4] , see also [17] . There, following the ideas developed in [12] , the appropriate Riesz transforms are introduced and, using a transference method from Hermite systems along with Kanjin's transplantation theorem for Laguerre expansions, continuity results in L p ((0, ∞), x δ dx) were obtained for δ ranging in a certain interval depending on p and α. Recently (see [6] and [3] ), sharper results of this kind have been given for the maximal heat operator related to such expansions. There, the authors not only obtain strong type inequalities but they analyse the behaviour at the extreme points, proving weak type or restricted weak type inequalities that, as they show, are sharp. † During the revision process of this article, Carlos Segovia unexpectedly died. The other authors are deeply touched by the loss of such an outstanding colleague and friend. We are also indebted for all we have learnt and enjoyed working in his company. Undoubtedly, his clearness of thinking and his ability for computations are vividly present throughout this manuscript.
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Our aim in this paper is to perform an analogous analysis for the case of the Riesz operators. Our approach this time is through a careful study of their kernels. We make use of a technique, that nowadays might be called classical, of splitting the kernel into its "global" and "local" parts (see (3.1) and (3.2) for their precise definitions). The local parts of the Riesz transforms are shown to be local Calderón-Zygmund operators in the sense defined in [10] (see Theorem 3), which gives no restriction on the exponent δ. On the other hand, the global parts are estimated by a sum of positive operators, namely a variation of the maximal heat operator and some Hardy type operators. We combine both estimates to give our main result stated as Theorem 1.
We remark at this point that our boundedness results for the Riesz transforms are a little worse than those for the maximal heat operator. Not only do we not get boundedness on L ∞ , as expected, but we also get a weaker result at one of the end points, when the range of p is a finite interval. Nevertheless it turns to be sharp.
As we just mentioned, the main key to achieve our results is a careful analysis of the kernels. Since they involve modified Bessel functions and their derivatives, part of the proof becomes highly technical. However, such precise knowledge of the behaviour of the kernels allows us to get really sharp inequalities. In fact, in Section 6, we show that our boundedness results on L p (0, ∞), x δ dx cannot be improved any further (see Theorem 2).
Let us remark that this technique of splitting the kernel according to the local and global regions, goes back to Muckenhoupt and Stein (see [7] and [9]) in connection with problems concerning Poisson summation and conjugacy for different systems of orthogonal polynomials, like those of Jacobi, Hermite or Laguerre.
Later, even though it is not pointed out explicitly, K. Stempak in [13] did also make use of such technique in order to bound the heat and Poisson maximal operators for various systems of Laguerre expansions. Finally, very recently, A. Nowak and K. Stempak in [11] , have obtained boundedness results for Riesz transforms associated to other Laguerre orthonormal functions, using again this type of partition of the kernel. We include, as a final section, a brief discussion on how their results are related to ours.
Given a real number α>−1, we consider the Laguerre second order differential operator L α defined by
It is well known that L α is non-negative and selfadjoint with respect to the Lebesgue measure on (0, ∞), furthermore its eigenfunctions are the Laguerre functions L α k
